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Application of Proper Orthogonal
Decomposition to Study
Coherent Flow Structures
in a Saccular Aneurysm
Aneurysms are localized expansions of weakened blood vessels that can be debilitating
or fatal upon rupture. Previous studies have shown that flow in an aneurysm exhibits
complex flow structures that are correlated with its inflow conditions. Therefore, the
objective of this study was to demonstrate the application of proper orthogonal decompo-
sition (POD) to study the impact of different inflow conditions on energetic flow struc-
tures and their temporal behavior in an aneurysm. To achieve this objective, experiments
were performed on an idealized rigid sidewall aneurysm model. A piston pump system
was used for precise inflow control, i.e., peak Reynolds number (Rep) and Womersley
number (a) were varied from 50 to 270 and 2 to 5, respectively. The velocity flow field
measurements at the midplane location of the idealized aneurysm model were performed
using particle image velocimetry (PIV). The results demonstrate the efficacy of POD in
decomposing complex data, and POD was able to capture the energetic flow structures
unique to each studied inflow condition. Furthermore, the time-varying coefficient results
highlighted the interplay between the coefficients and their corresponding POD modes,
which in turn helped explain how POD modes impact certain flow features. The low-
order reconstruction results were able to capture the flow evolution and provide informa-
tion on complex flow in an aneurysm. The POD and low-order reconstruction results also
indicated that vortex formation, evolution, and convection varied with an increase in a,
while vortex strength and formation of secondary structures were correlated with an
increase in Rep. [DOI: 10.1115/1.4050032]

1 Introduction

Advancements in experimental, computational, and analysis
techniques have allowed for the investigation of fluid flows in
greater detail. Understanding the dynamics of flows is important
because it can impact key knowledge in this field and influence
the design of future fluid systems. However, analysis of complex
fluid flows can be challenging. For instance, fluid flows in aneur-
ysms exhibit complex behavior with features both in the spatial
and temporal domains. A deeper understanding of flow behavior
in aneurysms is critical as it would allow us to learn more about
aneurysm growth and rupture, and may lead to better treatment
options. The flow in an aneurysm is influenced by several factors
such as geometry, inflow conditions, and biomechanics, which are
expected to play an important role in the formation of large-scale
flow structures, vortex formation, growth, and convection in the
aneurysm. Therefore, an approach that can identify important flow
features in a studied flow and quantify their importance in the
observed flow behavior can aid in learning more about the fluid
dynamics of flow in an aneurysm.

Aneurysms are a widely studied problem wherein researchers
have worked extensively on addressing fundamental questions
related to aneurysm initiation, growth, and rupture. Yet, there
remains a lack of experimental studies that quantify the coherent
structures influenced by different inflow conditions. Capturing
these coherent structures, identifying their importance to flow
dynamics, and quantifying the impact of inflow conditions may be
crucial in the overall goal of better understanding the fluid dynam-
ics in aneurysms. The objective of this study was to demonstrate
the application of proper orthogonal decomposition (POD) in

characterizing coherent flow structures and better understand their
behavior at different inflow conditions in an idealized rigid saccu-
lar aneurysm model. For this study, an aneurysm with a wide neck
opening (identified as bottleneck factor (BF) of 1) was used and
peak the Reynolds number (Rep) was varied from 50 to 270, while
the Womersley number (a) was varied from 2 to 5. POD provided
an optimal modal decomposition of the fluctuating kinetic energy
of the flow field. The combinations of these modes represented
the most energetic flow features and were used to quantify the
observed difference in flow behaviors.

Section 2 in the paper includes a review of previous aneurysm
studies. This will be followed by a description of the experimental
setup and measurement methods used in this study. The POD
results and the reconstructed flow field using POD will then be
discussed in detail. Finally, this will be followed by a discussion
of key results and conclusions.

2 Background

An aneurysm is an abnormal dilation of a weakened blood ves-
sel. Unruptured aneurysms constitute a growing public health con-
cern [1] since they can be asymptomatic and remain undetected
until rupture [2]. It is estimated that unruptured aneurysms occur
in 5-8% of the general population [3] or 1 in 50 people suffer
from an unruptured brain aneurysm as per the Brain Aneurysm
Foundation. Subarachnoid hemorrhage (SAH), caused by a rup-
tured aneurysm, is a devastating condition with high mortality and
long-term disability rates and treatment costs [1,2]. Several stud-
ies have focused on identifying different factors that influence
aneurysm pathophysiology and found aneurysm behavior to be
complex and multidisciplinary [4–6]. Researchers from different
fields have worked on studying the aneurysm problem and con-
tributed significantly to the current understanding of aneurysm
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formation, growth, and rupture. Review articles from Brisman
et al. [7], Lasheras [8], and Cebral and Raschi [4] provide excel-
lent summaries of current knowledge and understanding of aneu-
rysm behavior. Their work highlights the multidisciplinary and
multifactorial nature of aneurysm formation, growth, and rupture.
For instance, clinical research has provided crucial information
about the biomechanical and chemical aspects as well as statistical
data about aneurysms, which is crucial for both experimental and
computational studies. Most prior experimental studies have used
aneurysm models (ideal or patient-specific) to study flow behavior
and provided information on possible parameters that could con-
tribute to aneurysm formation, growth, and increased likelihood
of rupture in experimental scenarios. However, there are significant
challenges in conducting biofluids experiments due to difficulties
associated with studying complex geometries [9–11] and incorporat-
ing tissue (flexible) interactions [12,13]. Computational or numerical
studies have allowed us to overcome some of the challenges
observed in experimental studies and provided key insights about
flow behavior in patient-specific models and flow scenarios, as well
as information on possible parameters affecting aneurysm behavior.
However, computational studies have their own set of challenges
such as modeling methodology and accuracy and extensive computa-
tional power requirements for resolving temporal and spatial scales
[14–16]. Several other studies that have focused on different aspects
of the aneurysm problem are discussed in the next few paragraphs.

Clinical studies have provided insights about aneurysm mor-
phology and physiology that have contributed significantly to
experimental and computational studies. Many clinical research-
ers have worked on studying aneurysm size and shape to identify
the risk of rupture. In studies by McCormick and Acosta-Rua
[17], ruptured aneurysms were reported to have diameters greater
than 17.4 mm and 9.2 mm in female and male patients, respec-
tively. Similar trends were also observed in clinical studies by
Juvela et al. [18] and Wiebers et al. [19]. With advancements in
measurement and diagnostic techniques, well-defined aneurysm
morphologies and characterization methods have been used to
correlate aneurysm rupture to these geometric features. Further-
more, some of these investigations have used nondimensional
characterization to better study aneurysm shape. For example,
Ujiie et al. [20] have shown that aneurysms with an aspect ratio
greater than 1.6 have a greater risk of rupture. Aneurysm shapes
were further characterized by Ma et al. [21] and Raghavan et al.
[22], these studies also suggest that aneurysms with a diameter
�7 mm and morphological indicators such as aspect ratio, undula-
tion index, and nonsphericity index are associated with increased
risk of rupture. These clinical studies have led the way for experi-
mental and computational work to investigate possible factors
leading to aneurysm growth and rupture.

One of the earliest experimental aneurysm studies was per-
formed by Ferguson [23], where dye visualization experiments
were conducted in idealized aneurysm models. This study concluded
that turbulence leads to changes that weaken the wall of the aneu-
rysm and cause it to enlarge. Ferguson also concluded that the proba-
bility of rupture increases with an increase in intra-aneurysmal
pressure, an increase in aneurysm size, a decrease in the minimum
wall pressure, or a decrease in the strength of the structural compo-
nents. Another experimental study by Stehbens [24] showed that the
waves generated within the aneurysm and parent tube were consider-
ably below critical levels of turbulence and possibly a jet phenom-
enon. In his later work, he hypothesized that aneurysms are acquired
through degenerative lesions due to hemodynamic stress. A study by
Liou and Chang [25] found that high fluctuations in the flow may
contribute to aneurysm growth or rupture. These early studies helped
identify possible initial mechanisms that drive aneurysm formation
and evolution toward stabilization or rupture. Furthermore, results
from these initial investigations suggested that flow structures may
play a role in aneurysm development.

While experimental aneurysm studies provide researchers with
the ability to conduct experiments in controlled scenarios, they
have their own challenges. Experimental investigations are often

performed with techniques that require optical access to the flow.
Some of these techniques are laser Doppler velocimetry (LDV),
particle image velocimetry (PIV), and laser-induced fluorescence
(LIF). A common challenge in using these methods is the refrac-
tion of light passing through the models or test section walls that
have gas–solid or liquid–solid interfaces [26]. These methods,
therefore, require the images of the test section to be undistorted.
For liquid–solid interfaces, the preferred method is to remove
refraction mismatch by matching the index of refraction of the
solid and fluid. Several investigations have been conducted to
identify compatible fluid and solid materials to be used for experi-
mental studies [26–28]. Another challenge associated with experi-
mental studies is the fabrication of models or geometries to be
investigated. For example, in biological flows, the geometries
required are often complex, flexible, and have biological properties
[9–11]. These challenges can only be resolved by the application of
advanced manufacturing techniques and satisfying optical access
criteria. Several investigations have been conducted to identify
optimal solutions to easily fabricate models for research [9–13].
Finally, measurement techniques also pose a challenge in meas-
uring flow parameters. In PIV, for instance, challenges can arise
from the improper selection of particles to use with the flow, optical
setup to access the flow region, and postprocessing to analyze the
image data. This has resulted in several investigations aiming to
optimize measurement methods in experimental aneurysm studies
and address other challenges associated with such studies [29–31].

Fluid flow structures in an aneurysm constitute another area of
research that can help determine the risk of rupture based on flow
behavior. Fluid flow studies aim to address different stages of
aneurysm initiation growth and rupture. Simple aneurysm flow
can consist of a single recirculation structure within the aneurysm,
which can remain stationary or move throughout the cardiac
cycle. Complex flow patterns contain one or more recirculation
regions, which can remain stationary, move, or become unstable
during the cardiac cycle. For example, in steady flow investiga-
tions for fusiform aneurysms, Drexler [32], Budwig et al. [33],
and Bluestein et al. [34] showed that the flow field through the
concentric bulge is characterized by a recirculating vortex. On the
other hand, under pulsatile flow investigations, Fukushima et al.
[35], and Egelhoff [36] showed that the vortices appeared and dis-
appeared at different points in the cardiac cycle. The flow struc-
ture observed had the center of the vortex move from the
proximal to the distal end of the aneurysm and was followed by a
flow reversal at the minimum flow phase of the cycle. This flow
behavior was also observed in other experimental and numerical
studies [37–41]. With the addition of stents or springs, similar
flow trends or different flow patterns were observed depending on
the stent design [42–45]. One might see a reduced flow pattern
movement or reduced flow movement that can promote thrombo-
sis. Studies have shown a wide variety of intra-aneurysm flow pat-
terns ranging from simple to highly complex flow behavior. These
studies also suggest that inflow conditions might influence the
flow patterns observed in an aneurysm.

Several investigations have been conducted to determine the
influence of different inflow conditions and waveforms on aneu-
rysm growth and rupture. Work by Le et al. [40] showed that the
flow behavior could be cavity flow-driven or unstable vortex ring
formation-driven based on flow pulsatility, and aneurysm neck
and diameter parameters. These nondimensional parameters were
used in other investigations such as saccular, bifurcation, and
patient-specific aneurysm models [46,47] and illustrated their
robustness in quantifying aneurysm flow behavior. Another study
by Asgharzadeh and Borazjani [48] investigated the impact of
Reynolds number (Re) and Womersley number (a) on the domi-
nant flow features. Their work highlights that the vortex structure
location can be controlled by flow parameters Re-and a. These
studies indicate that inflow conditions have a strong influence on
the hemodynamics inside the aneurysm, particularly in vortex for-
mation, and led to fluid-structure interaction (FSI) studies of aneu-
rysm behavior.
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FSI studies have gained prominence as computational power
and advanced measurement tools have significantly improved
over the last few decades. FSI studies have allowed researchers to
simulate both solid and fluid characteristics and accurately esti-
mate the overall impact of different solid and fluid parameters on
aneurysm behavior. These parameters can include blood flow
characteristics, mechanical properties of the artery, patient-
specific geometries, and aneurysm flexible wall modeling. As an
example, Di Martino et al. [14] reconstructed a realistic abdomi-
nal aortic aneurysm (AAA) for flow simulations using CT scans
and image processing. Their work allowed quantitative evaluation
of the stresses acting on the AAA due to the blood flow and arte-
rial wall mechanics. Scotti et al. [49] showed the importance of
wall thickness and geometry asymmetry on the stresses experi-
enced by AAAs. Subsequent research by Bazilevs et al. [16] dem-
onstrated the importance of flexible modeling and its impact on
the hemodynamic forces affecting the aneurysm wall. Work by
Valencia and Torres [50] allowed for studying other complexities
such as the effect of hypertension and pressure gradient on the
aneurysm. While the inherent flexibility and capacity to emulate
realistic flows associated with FSI studies have significantly added
to the scientific understanding of aneurysm behavior, FSI studies
have their own challenges. One of the challenges associated with
FSI studies is the requirement for more advanced computational
power as more solid and fluid features are added. Incorrect
assumptions such as linear elastic modulus for modeling the arte-
rial wall and assumptions about wall thickness and strength may
yield misleading results in FSI studies. Despite the challenges of
FSI studies, they can significantly aid in understanding aneurysm
behavior since they enable coupling between the fluid and the
structure of the aneurysm sac.

In recent years, improved computational power has allowed
advanced data analysis methods to become a critical tool in
extracting additional information about flow behavior in an aneu-
rysm. Decomposition methods are a group of advanced techniques
that can be used to decompose a dataset or flow field and provide
relevant insights about aneurysm flow. A study by Byrne et al.
[51] used POD on image-based computational fluid dynamic sim-
ulations and classified aneurysm hemodynamics according to spa-
tial complexity and temporal stability for the parameters
estimated from vortex core lines. From their study, it was con-
cluded that complex and unstable dynamics are commonly
observed in ruptured aneurysms, while simple and stable dynam-
ics are observed in unruptured aneurysms. Daroczy et al. [52]
used POD to determine the spectral entropy in the flow, help
quantify the flow regime and identify laminar, transitional, and
turbulent flow regimes. Results from their analysis enabled them
to use appropriate computational models and optimize computa-
tional resources. Lastly, Janiga [53] demonstrated the potential of
POD for the comparison of different time-varying three-
dimensional hemodynamic data (4D). His work demonstrated the
ability of POD in reducing the complexity of the time-dependent
data for quantitative assessment. Furthermore, the proposed POD
method allowed researchers to examine different hemodynamic
simulations and validate simulations with in vivo and vitro flow
measurements. These studies illustrate the emerging possibility of
using advanced decomposition methods to aid researchers in
understanding different fluid flows.

3 Experimental Setup

This section discusses the experimental methodology used for
this investigation and provides details about each component of
the experimental test setup. First, details for the aneurysm model
are discussed, followed by PIV and flow system descriptions, and
the test conditions and inflow parameters used for this study.

3.1 Model. A general schematic of a saccular aneurysm is
shown in Fig. 1, which highlights the key features and dimensions
of the aneurysm geometry. The aneurysm model is designed with

a long entrance length such that the flow is fully developed before
reaching the aneurysm region [54]. The incoming velocity profiles
before the aneurysm sac fit the multimodal Womersley solution
[55], and a detailed discussion on multimodal Womersley curve-
fit is provided in Sec. 3.3. This suggests controlled inflow scenar-
ios and allowed us to systematically study the impact of Re-and a
in the aneurysm region. The bottleneck factor [21,22] used for the
model is one, and the model was fabricated using borosilicate
glass to allow index matching with the fluid. The fluid used in this
study was a mixture of glycerin and water and has been success-
fully used in several previous investigations [11,35,38,39,41,56].
For the current study, the resulting fluid had a density of
qf¼ 1168.3 kg=m3 and kinematic viscosity of �f¼ 1.453
� 10�5m2=s 6 3:5794� 10�7m2=s for a 95% confidence level.
The viscosity values used for analysis were determined using
Cannon–Fenske viscometer and these experiments were repeated
several times for accuracy and repeatability. Index of refraction
matching experiments was also conducted before PIV measure-
ments to ensure the index of refraction matching. The flow condi-
tions, including Rep (50–270) and a (2–5), were selected such that
the flow scenarios were in a similar range as flow conditions used
in earlier studies and those typically observed in intracranial
aneurysms. It should be noted that the density and kinematic vis-
cosity of the working fluid used is different than that of the blood.
Typical values of blood density and kinematic viscosity are qb �
1060 kg=m3 and �b � 3� 4� 10�6m2=s [11,12,41], respectively.
To account for the difference in fluid parameters values between
the working fluid and blood, the model’s characteristic length and
velocity scales were appropriately scaled to match Rep and a val-
ues typically observed in intracranial aneurysms.

3.2 PIV. A PIV system was used to perform velocity meas-
urements in the aneurysm, a schematic of which is shown in
Fig. 2. The PIV system had a high-resolution dual CCD camera
(8MP, 3312� 2488 pixels) and a macrolens was used to focus on
the aneurysm region with a field of view of 3.2 cm� 2.0 cm. The
calibration step of the image plane yielded a spatial resolution of
�0.012 mm/pixel. A double pulsed 200 mJ Nd:YAG laser capable
of pulsing at 15 Hz was used for the study. Furthermore, the laser
sheet was created using sheet optics with a sheet thickness of
around 1 mm at the focal point. Silver-coated neutrally buoyant
hollowed glass spheres 9–13 lm in diameter were used for seed-
ing the flow. The field of view was divided into several subregions

Fig. 1 Idealized saccular aneurysm schematic showing critical
aneurysm features

Fig. 2 Schematic showing key components for PIV
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(i.e., pipe, neck, and sac in Fig. 2) due to the significant difference
in velocity magnitude between the pipe and aneurysm sac. This
allowed us to optimize the time between PIV image pairs for each
subregion and minimize error in the velocity vectors. DAVIS process-
ing software was used to estimate the velocity flow field with cross-
correlation, and multipass with 50% overlap approach with a final
interrogation window of 32� 32 pixels was used. These settings
provided approximately 9000 vectors in the pipe region, 6000 vec-
tors in the neck region, and 6800 vectors in the sac region.

3.3 Pump System. To generate controlled inflow conditions
for this study, a piston pump (ViVitro Labs Inc. SuperPump Sys-
tem AR Series, Victoria, BC, Canada) was used. The piston pump
system allowed for a volume displacement of 0–180 mL/stroke
with 64% accuracy and was capable of moving in a frequency
range of 0.067 Hz–3.33 Hz. The piston pump system had a con-
troller to precisely control the flow rate and predefined waveform
settings in the controller for the piston to follow. Another key feature
of the pump was a viscoelastic impedance adapter (VIA) that attenu-
ated pressure spikes in the flow loop. The piston pump system also
had disk valves to rectify the pressure signal due to reversal of piston
movement direction and enabled unidirectional flow in the flow loop
system. This was particularly important as this type of flow is typi-
cally observed in the circulatory system in human arteries. The pump
system controller and PIV system were synchronized so as to accu-
rately determine the PIV image in a given phase of the pressure cycle.
This was done by simultaneously tracking the PIV trigger and piston
waveform, which provided information to correlate the subregions of
the aneurysm according to their phase in the cycle, and later on,
allowed these regions to be stitched together for flow field
reconstruction.

The piston pump system was set in experiments to generate a
well-behaved flow with a sinusoidal waveform. The piston pump
was set to generate a periodic cycle of flow, with a total of 170
and 1040 complete pump cycles for a¼ 2 and a¼ 5, respectively.
A multimodal Womersley solution [55] was fitted to the pipe
velocity profiles upstream of the aneurysm to assess the quality of
the inflow condition. Based on the multimodal solution, the veloc-
ity profile (i.e., u(r, t)) at a time instance (t) is given as

u r; tð Þ ¼ a0 1� r2

R2

� �
þ
XM�1

m¼1

Re am 1� J0 kmrð Þ
J0 kmRð Þ

� �
exp jxmtð Þ

� �

(1)

where am is the complex fitting parameter, R is the pipe radius, r
is the radial distance, j is the

ffiffiffiffiffiffiffi
�1
p

, xm ¼ mp=T, T is the time
period of the pump flow, and km ¼ jðxm=�Þ3=2

, M is the number
of frequencies and J0 is the Bessel function of order zero.

A typical velocity waveform along with piston phase is shown
in Fig. 3(a) and an upstream velocity profile for a t/T¼ 0.60 is

shown in Fig. 3(b) for Rep¼ 50 and a¼ 2 flow condition. The
multimodal Womersley solution used three frequency modes to fit
the velocity profile. The results showed that the velocity profile
was periodic and fit the multimodal solution. Similar results were
also observed at different time instances and inflow conditions,
and are not shown here. The current investigation used a range of
Rep and a values in conjunction with the piston pump system
setup to generate the desired flow conditions, which will be dis-
cussed in Sec. 3.4.

3.4 Test Conditions. Reynolds number and Womersley num-
ber are two important parameters that play a key role in physio-
logical flow behavior in aneurysms. Using these parameters, the
inflow conditions were varied for this study. Rep was varied from
�50 to 270, while a was varied from �2 to 5. For this study, the
diameter of the tube was used for the characteristic length scale,
and the maximum centerline velocity was used for the velocity
scale. The selected a for this study represents quasi-steady flow and
unsteady flow regimes as identified by White [57]. Moreover, these
selected values were similar to those typically used in earlier saccu-
lar aneurysm studies. For instance, studies by Ku [54] have shown
that the mean Reynolds number is around 300 and Womersley
number is about four in the carotid artery bifurcations located along
the sides of the neck. Liou and Liou [58] used a mean Reynolds
number of 500 to study human basilar tip aneurysms. Steiger et al.
[59] investigated basic flow structures in saccular aneurysms using
a mean Reynolds number of 300 and an a of 1.3 for pulsatile flow
investigations. Le et al. [40] used a peak Reynolds number range of
375–800 and a of 3.3–4.8. Lastly, Asgharzadeh and Borazjani [48]
in their computational study investigated the effect of mean Reyn-
olds number and a in intracranial aneurysms for mean Reynolds
number of 173–914, and a of 5–30.

4 Proper Orthogonal Decomposition

Lumley [60], Sirovich [61], Berkooz et al. [62], and Holmes
et al. [63], provide a rigorous mathematical description of POD,
its implementation, and its ability to elucidate complex fluid flow
behavior. The POD analysis yields a set of eigenvectors (U) that
are optimal basis functions mathematically describing the data/
flow field under consideration. The optimality, for velocity flow
field data, can be defined so as to maximize the average projection
of Uðx; yÞ onto U, suitably normalized, and mathematically given
as (see Ref. [63] for a detailed discussion)

hj U x; yð Þ;U
� �ji
kUk (2)

where j.j denotes the modulus, h:i is the ensemble average, ð:Þ rep-
resents the inner product and ð:Þ denotes the L2 norm. Using

Fig. 3 Pipe velocity information for Rep 5 50 and a 5 2: (a) velocity waveform, and (b) veloc-
ity profile with fitted multimodal Womersley solution
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variational calculus principles, Eq. (2) results in an
Euler–Lagrangian equation, given as

ð
Xxy

hUðx; yÞ � Uðx0; y0ÞiUðx0; y0Þdx0dy0 ¼ kUðx; yÞ (3)

where Xxy is the domain of interest, hUðx; yÞ � Uðx0; y0Þi is the
spatial correlation of the velocity field, � is the tensor product,
and k is the energy associated with each POD mode. For this
study, a vector POD implementation was used that ensures cou-
pling between u and v components of velocity. This step is impor-
tant to identify the coherent/vortical structures in the aneurysm
and its flow behavior (see Ref. [64] for a detailed description of
POD implementations used in this study). Finally, the discrete for-
mulation is given as

RUðx; yÞ ¼ kUðx; yÞ (4)

where R is the kernel of the POD formulation, i.e., the spatial
velocity correlation matrix that results from the definition of
velocity vector tensor product shown in Eq. 3. Vector POD mode
U will have components /uuðx; yÞ and /vvðx; yÞ, and k represents
the eigenvalues or energies captured by the POD modes. The
POD modes are then used to reconstruct the velocity field with the
following equation:

Uðx; y; tÞ ¼
XN

i¼1

aiðtÞUiðx; yÞ (5)

where aiðtÞ is the time-varying coefficient of the ith POD mode
(Uiðx; yÞ) at time t. The time-varying coefficients are obtained by
projecting the original velocity fields Uðx; y; tÞ to each of the POD
modes and given as

aiðtÞ ¼ ðUðx; y; tÞ;Uiðx; yÞÞ (6)

where ð:Þ is the inner product of the two vectors. It can be seen
from Eq. (5) that the velocity reconstruction contains the spatial
information from the POD modes and the temporal information
from the time-varying coefficients (i.e., aiðtÞ).

The POD technique was implemented in-house using MATLAB.
For each experimental scenario, 500 PIV images were acquired
spanning several minutes. For instance, for a¼ 2 case, images
were acquired over 170 pump cycles, while for a¼ 5 case, images
were acquired over 1040 complete pump cycles. Before perform-
ing the POD calculations, the average velocity flow field was sub-
tracted for each dataset. Next, auto-and cross correlations for the
velocity flow field were calculated to obtain the POD kernel (i.e.,
R). For this study, the POD kernel was a square matrix of
�13,000� 13,000 elements. The mathematical formulation pro-
vided in Eq. 4 was solved to calculate the eigenvalues (i.e., ki),
eigenvectors (i.e., /i

uuðx; yÞ and /i
vvðx; yÞ), and the subscript i rep-

resents the POD mode numbers. The typical calculation

processing time for POD analysis was approximately 1 hour. The
obtained eigenvectors (i.e., POD modes) were then used to calcu-
late the time-varying coefficients (i.e., Eq. (6)) at a given time
instance and the low-order velocity field was performed using
Eq. (5).

5 Results

This section focuses on a detailed discussion of the results
obtained in this study. First, the time-averaged velocity flow fields
are discussed, followed by the POD results. The POD modes,
POD energies, and time-varying coefficient results are also
described here along with a discussion about the low-order veloc-
ity field reconstruction results.

5.1 Average Flow Field. The average flow fields provide an
overview of the flow characteristics and impact of inflow condi-
tions on the flow structures. The time-averaged velocity fields
over the total number of images for each inflow scenario were first
determined to identify the bulk mean structure present in the aneu-
rysm region. The resulting average velocity fields in the aneurysm
sac and average upstream velocity profiles are shown in Fig. 4. It
can be observed qualitatively that the flow structure in the aneu-
rysm region is dominated by a large clockwise rotating vortical
structure for each flow scenario, as observed in Figs. 4(a) and
4(b), or 4(c) and 4(d). From the average flow field results, it can
be concluded that at low Rep, the average vortical structure is near
the proximal side with an average impinging location inside the
aneurysm sac (as shown in Figs. 4(a) and 4(c)), while at
Rep¼ 270 the average flow structures occupy the entire aneurysm
sac and impinging location is close to the distal end of the aneu-
rysm sac (as shown in Figs. 4(b) and 4(d)). It can also be noted
from these figures that Rep plays a more critical role in determin-
ing the size and shape of the vortical structure than a. The
observed results are similar to those obtained in previous investi-
gations by O’Brien [65] where mean flow in the cavity is divided
into various vortex motions that are dependent on the cavity
dimensions and thickness of the incoming shear layer. In the cur-
rent investigation, cavity dimensions were kept the same, while
the incoming shear layers were varied by changing the Rep.
Therefore, it can be concluded that the qualitatively similar struc-
ture observed in this investigation between a¼ 2 and a¼ 5 for the
studied Rep was due to the similarity of the inflow shear layer. It
should be noted the PIV data were acquired over multiple pump
cycles and we did observe a cycle to cycle variability in velocity
for each inflow scenario. For this analysis, the waveform informa-
tion from the piston pump and the PIV trigger was used to deter-
mine where in the flow cycle each PIV image was taken.

5.2 Proper Orthogonal Decomposition Results

5.2.1 POD Modes. POD modes provide an insight in to large-
scale flow structures and their underlying behavior. The POD
modes presented here are orthogonal in nature and are optimal in

Fig. 4 Average velocity field inside the aneurysm sac along with average inflow velocity:
(a) a 5 2 and Rep 5 50, (b) a 5 2 and Rep 5 270, (c) a 5 5 and Rep 5 50, and (d) a 5 5 and
Rep 5 270
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presenting the most energetic flow structures. The streamwise
components are first analyzed for the first three POD modes
(/uuðx; yÞ) for Rep¼ 50 and a¼ 2 which are shown in
Figs. 5(a)–5(c). These modes are the basis functions of the POD
kernel given in Eq. (4), capture more than 95% of the total fluctu-
ating kinetic energy. The energy contribution of each mode is the
eigenvalues determined from Eq. (4) and the total fluctuating
kinetic energy is provided by the sum of all eigenvalues. A more
detailed discussion of the POD modes’ energy and their contribu-
tion are presented in the POD energies section of this article (see
Sec. 5.2.2). The first mode, for example, exhibits flow following
the curvature of the aneurysm sac. The second mode exhibits a
rotating structure engulfing the aneurysm sac, while the third POD
mode represents a rotating structure at the exit of the aneurysm. It
should also be noted that the first POD mode (Fig. 5(a)) shows
symmetry at the aneurysm model center (i.e., x¼ 0mm), while
POD modes two and three (Figs. 5(b) and 5(c)) do not have sym-
metry features. A combination of POD modes represents coherent

flow structures in the studied flow and will become evident from
the low-order reconstruction results discussed in Sec. 5.3.

The streamwise components of the first three POD modes
(/uuðx; yÞ) for Rep¼ 270 and a¼ 2 are shown in Figs. 6(a)–6(c).
These modes have captured almost 95% of the total kinetic
energy. As observed here, the modes are significantly different
than those observed in the Rep¼ 50 and a¼ 2 test case. Unlike
the previous flow scenario, the POD modes have no observed
symmetry. The first POD mode shows two rotating structures,
while the second POD mode shows a rotating structure at the exit
of the aneurysm. Meanwhile, the third POD mode in this scenario
shows two vortical structures located at the proximal and distal
locations of the aneurysm.

Figures 7(a)–7(e) show POD modes (/uuðx; yÞ) for Rep¼ 50
and a¼ 5 flow scenario. For this a flow scenario, five POD modes
are required to capture almost 95% of the total fluctuating energy.
As observed in the figure, the first and second POD modes show
symmetry at the aneurysm model center (x¼ 0 mm) while the
third POD mode does not exhibit symmetry. The first POD mode
(Fig. 7(a)) shows flow following the curvature of the aneurysm
geometry. This is the same POD mode shape as that observed at
Rep¼ 50 (Fig. 5(a)). The second POD mode (Fig. 7(b)) and third
POD mode (Fig. 7(c)) show rotating structures near the aneurysm
opening and proximal neck, respectively, and are similar to
Figs. 5(b)–5(c). The fourth and fifth POD modes look similar in
shape (Figs. 7(d)–7(e)) but differ in kinetic energy content.

Figures 8(a)–8(e) show streamwise POD modes (/uuðx; yÞ) for
Rep¼ 270 and a¼ 5 flow scenario. The modes in this scenario
also require at least five POD modes to capture almost 95% of the
total fluctuating energy. For this flow scenario, POD mode shapes
do not exhibit any symmetry. Furthermore, the mode does not
exhibit presence of flow following the aneurysm curvature as
observed in previous flow scenarios. Thus, it is anticipated that
the combination of these modes may present different temporal
flow behavior as compared to other cases.

The influence of inflow conditions can be clearly observed in
the POD modes for each scenario. The change in a shows that
more POD modes are necessary to capture a percentage of energy
content in the flow. This suggests that the flow at a¼ 5 may con-
tain more complex flow features and temporal behavior as more
POD modes are required to capture its entire flow dynamics. With
the change in Rep and similar a, POD mode shapes are similar in
nature, but the flow may have different temporal behavior. These
observations are also consistent with the transverse POD modes

Fig. 5 First three /uu(x ;y ) for Rep 5 50, a 5 2. (a)–(c): /1
uu–/3

uu

Fig. 6 First three /uu(x ;y ) for Rep 5 270, a 5 2. (a)–(c): /1
uu–/3

uu

Fig. 7 First five /uu(x ;y ) for Rep 5 50, a 5 5. (a)–(e): /1
uu–/5

uu

Fig. 8 First five /uu(x ;y ) for Rep 5 270, a 5 5. (a)–(e): /1
uu–/5

uu
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(/vvðx; yÞ) which are not shown in this paper. To further under-
stand the relation between the flow behavior and POD modes, the
energy captured by the POD modes was analyzed.

5.2.2 POD Energies. The POD energies (ki) provide informa-
tion about the contribution of each POD mode to the observed
flow behavior. Figure 9 shows the relative contribution (i.e., the
ratio of energy captured by each POD mode and total fluctuating
kinetic energy) for the first ten modes for the studied flow scenar-
ios. The total fluctuating kinetic energy can be estimated by sum-
ming all the ki for a given flow scenario. As observed from the
figure, the contribution of each POD mode decreased with
increasing POD mode numbers. For instance, the first mode cap-
tures �85% of the total kinetic energy for Rep¼ 50 and a¼ 2.
The second mode adds �9% to the total kinetic energy for this
flow scenario, while the third mode only contains �2% of the total
kinetic energy content. The next few modes have smaller contri-
butions compared to the first three modes. A similar trend is also
observed for all the studied cases.

As observed in Fig. 9, about 95% of the fluctuating energy can
be captured either by the first three or five POD modes for the
studied cases. For flow scenarios Rep¼ 270 and 50, and a¼ 2, the
first three modes capture more than 95% of the total energy. Fur-
thermore, the first mode in these scenarios contains most of the
energy as compared to other modes and likely to have dominating
influences on the flow behavior in the aneurysm. In contrast, for
Rep¼ 270 and a¼ 5 flow scenario, the first mode contains �65%
of the total energy, and the next two modes contain �25% and
�6% of the total energy in the flow, respectively. For Rep¼ 50
and a¼ 5 flow scenario, even though the first mode contains

�85% of the total energy but to reach �95% of total energy first
five modes are needed. Since the combination of the modes allows
for the formation and convection of vortical structures, therefore
the energy results suggest that there is a complex interplay of
POD modes and is influenced by Rep and a at different flow
scenarios.

5.2.3 POD Time-Varying Coefficients. To link the observed
flow behavior to different inflow conditions, the time-varying
coefficients (aiðtÞ) of the POD modes are considered. The aiðtÞ s
were determined using Eq. (6) where the velocity field at a given
instance Uðx; y; tÞ was projected on to each of the POD modes
Uiðx; yÞ. The aiðtÞ s associated with the first three and five POD
modes were used for this analysis for a¼ 2 and 5, respectively,
since they contain almost 95% of the total kinetic energy and thus
were related to the energetic flow structures observed in the flow.
Figure 10 contains the phase portrait plots for the first three time-
varying coefficients for a¼ 2, while Fig. 11 contains the first five
aiðtÞ s for a¼ 5. For each subfigure, the plots contain the scatter
plot for each time-varying coefficient as well as the curve fitted
result for each coefficient. The time information of the coefficients
was determined by correlating the PIV trigger and the piston posi-
tion from the experiments. These figures elucidated a complex
interplay between the various POD modes at different points in
the pressure cycle. Such interplay among the modes will allow for
capturing the temporal flow behavior of flow structures observed
in an aneurysm and be evident in the low-order flow reconstruc-
tion. It is also observed from the figures that certain coefficients
are scattered at certain intervals in the flow cycle. This suggests a
large variation in POD mode contribution at that given time
instance and highlighting cycle to cycle variation in the velocity
data.

The impact of inflow conditions is observed in the time-varying
coefficient plots. For a¼ 2, it can be observed that both Rep flow
scenarios show the periodic nature of aiðtÞ. Furthermore, changing
Rep changes the interaction among the aiðtÞ s. There is greater
observed variation in the amplitude of the coefficients, particu-
larly for a2ðtÞ and a3ðtÞ for Rep¼ 270 than Rep¼ 50. This impacts
the overall flow structure as certain POD modes may be dominant
at certain time instances. For t/T¼ 0 at Rep¼ 50, for example,
a1ðtÞ and a2ðtÞ and their corresponding POD modes U1ðx; yÞ and
U2ðx; yÞ will have more impact on the overall structure than a3ðtÞ.
On the other hand, for the same time instance at Rep¼ 270, a1ðtÞ
and a3ðtÞ and their corresponding POD modes U1ðx; yÞ and
U3ðx; yÞ will have more contribution than a2ðtÞ. Similar observa-
tions can also be made with a¼ 5 flow scenarios. With the change
in a conditions, a¼ 5 flow condition shows more variation in aiðtÞ
amplitudes compared to a¼ 2, which will impact the dynamics of
the flow. Furthermore, a¼ 5 requires more aiðtÞ s and correspond-
ing POD modes in order to fully capture the flow dynamics in

Fig. 9 Sum of energies for a 5 2 and a 5 5 for different Rep

numbers

Fig. 10 Time-varying coefficient for a 5 2: (a) Rep 5 50, and (b) Rep 5 270. The solid line represents
curve fit to the experimental data.
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these scenarios, suggesting a complex interplay between the aiðtÞ
s and POD modes for a¼ 5 than a¼ 2.

5.3 Low-Order Reconstruction. A low-order reconstruction
for each flow condition was performed to observe the flow struc-
tures and their behavior at different instances in the pressure
cycle. This was done by using Eq. (5) for selected N POD modes.
For each velocity field reconstruction, the first three and five POD

modes were used for a¼ 2 and 5, respectively. The number of
modes for reconstruction was selected so as to capture 95% of the
fluctuating energy. The velocity field reconstruction for selected
time instances with a¼ 2 is shown in Figs. 12 and 13 for Rep¼ 50
and Rep¼ 270, respectively. On the other hand, the velocity field
reconstructions using five POD modes for a¼ 5 are shown in
Figs. 14 and 15 for Rep¼ 50 and Rep¼ 270, respectively.

The low-order reconstruction results obtained for a¼ 2 and
Rep¼ 50 are shown in Fig. 12. As observed in the figure, a

Fig. 11 Time-varying coefficient for a 5 2: (a) Rep 5 50, and (b) Rep 5 270. The solid line represents
curve fit data.

Fig. 12 Low order reconstruction for Rep 5 50, a 5 2

Fig. 13 Low order reconstruction for Rep 5 270, a 5 2
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clockwise vortex initiates near the proximal side of the aneurysm
(i.e., t/T¼ 0.21). This vortex convects near the center of the bulge
(i.e., t/T¼ 0.37) and then out of the aneurysm opening during the
deceleration phase of the flow cycle (i.e., t/T¼ 0.41). The vortex
then moves back toward the aneurysm dome and dissipates when
the flow from the pipe begins accelerating (i.e., t/T¼ 0.44). This
process repeats for the second half of the cycle, where a new vor-
tex forms once more and begins behaving similar to the previous
vortex. A similar trend was also observed for Rep¼ 270 for this a
(Fig. 13). However, for Rep¼ 270, the vortical flow structure fills
up the entire aneurysm sac (i.e., t/T¼ 0.17) much earlier in the
cycle than as compared to Rep¼ 50 case (i.e., t/T¼ 0.37). Another
important aspect to note from these figures is that the vortical
structure stays in the aneurysm sac for a longer duration (i.e., for
t/T¼ 0.17 to 0.50) for Rep¼ 270 case than the Rep¼ 50 case (i.e.,
t/T¼ 0.37–0.50). The impact of this temporal behavior is dis-
played in the observed flow structure for Rep¼ 50 and 270 at
a¼ 2 (as shown in Figs. 4(a) and 4(b)). In spite of the variation in
the temporal flow structures, the overall movement of the vortical

structure was found to be similar for both studied Rep cases at
a¼ 2.

Unsteady flow behavior was also observed using the low-order
reconstruction results for a¼ 5 at different Rep. The flow struc-
tures observed here are different than the ones seen at a¼ 2 flow
conditions. For Rep¼ 50 and a¼ 5 flow condition, the vortex ini-
tially forms at the proximal side of the cavity (i.e., t/T¼ 0.04),
which then convects toward the distal side of the aneurysm,
impinging the neck region (i.e., t/T¼ 0.27) and dissipating toward
the aneurysm dome (i.e., t/T¼ 0.37). This process of vortex for-
mation and convection repeats for the remaining half of the cycle
(i.e., t/T¼ 0.43–0.84). On the other hand, the Rep¼ 270 and a¼ 5
flow condition shows the presence of vortical structure throughout
the cycle that stays near the center of the cavity. From time to
time, this vortex structure moves in a clockwise fashion through-
out the flow cycle (i.e., t/T¼ 0.00 to 0.11). These few instances in
the flow cycle initiate a secondary vortex structure. The two
vortices then merge together to form a new vortex (i.e.,
t/T¼ 0.14–0.17), and the process of clockwise vortex movement

Fig. 14 Low order reconstruction for Rep 5 50, a 5 5

Fig. 15 Low order reconstruction for Rep 5 270, a 5 5
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repeats thereafter. An important observation from these figures is
the behavior of the vortical structures for the same a condition.
The change in Rep impacts the overall temporal behavior and
presence of secondary structures. In addition, the difference in
temporal behavior with the change in Re can be seen in the overall
mean structures for Rep¼ 50 and Rep¼ 270 at a¼ 5 (as shown in
Figs. 4(c) and 4(d)).

The low-order reconstruction of the velocity fields using POD
was able to capture the flow evolution in the aneurysm sac at dif-
ferent inflow conditions. Using POD analysis provided informa-
tion on the uniqueness of each inflow condition, the important
mode shapes that were contained in each scenario, and the interac-
tion of POD modes and time-varying coefficients that impact the
flow features. The low-order reconstruction results were able to
capture the vortex formation, evolution, and convection, which
were correlated with the change in a and Re.

The flow behavior and structures observed in this study are also
evident in other investigations with pulsatile inflow conditions
[41,42]. Inflow conditions used in previous investigations may
have a zero flow phase (i.e., flow in the pipe reaches near zero
velocity in the flow cycle) or a nonzero flow phase. For inflow
conditions that have almost zero flow phase (a¼ 2 in this paper),
Yu and Zhao [42] observed that the vortex moved from the distal
neck to the aneurysm opening. As the flow in the pipe began to
accelerate, the vortex moved back toward the aneurysm and
rapidly decayed. For inflow scenarios that do not have a zero
flow phase (a¼ 5 in this paper), several investigations
[13,40–42,46,48] have shown that vortex formation occurs near
the proximal neck and moves to the distal neck in the aneurysm
sac. This vortex movement was followed by vortex dissipation
inside the aneurysm sac during the second half of the cycle. Fur-
thermore, the secondary vortex and its merging with the primary
vortex were also observed in these investigations.

6 Conclusions

Experimental fluid flow measurements were conducted to dem-
onstrate the application of POD in extracting coherent structures
and temporal behavior for a studied flow field. To achieve this
objective, two-dimensional PIV measurements were conducted in
the midplane of an idealized rigid aneurysm model. Inflow condi-
tions such as a and Rep were varied from 2 to 5, and 50 to 270,
respectively. POD was used to analyze the velocity field to
observe the spatial and temporal behavior of coherent structures
in the aneurysm sac. POD was also utilized to identify the differ-
ence in flow behavior with a change in inflow conditions. Low-
order reconstruction using POD was used to determine the vortex
behavior such as formation and evolution.

The average flow fields showed the difference in the mean
structure of the flow with change in Rep but did not show a signifi-
cant variation with change in a. With the change in a and keeping
the Rep same, similar mean structures were observed. These were
the mean vortical features located at the proximal side for
Rep¼ 50 flow scenarios, while mean vortical features engulfed
the whole aneurysm at Rep¼ 270 scenarios. Thus, Rep was shown
to more significantly impact the size and shape of the vortex struc-
ture than a.

Proper orthogonal decomposition was able to decompose the
complex velocity data and extract key information about the flow
dynamics in aneurysm flows. The POD results obtained were able
to isolate important flow features, identify the impact of inflow
conditions on the flow behavior inside the aneurysm, and capture
the uniqueness and similarities of each inflow scenario. The POD
energies results showed that the most energetic modes can be cap-
tured using only a few modes. For a¼ 2 cases, 95% of the total
fluctuating energy was captured by the first three modes, while for
the a¼ 5 case, five POD modes were required to reach the same
energy content.

The time-varying coefficient results illustrated the interplay of
the POD modes for different inflow conditions. For instance, the

phase-portraits (i.e., time-varying coefficients) showed unique
interactions among the modes with the change in Re, even though
the modes shapes were similar. This suggests that even similar
mode shapes will have significantly different temporal flow
behavior for these scenarios. This clearly demonstrates the ability
of aiðtÞ s in capturing the temporal behavior of the flow.

The low-order reconstruction results provided a clear picture of
vortex formation, evolution, and convection inside the aneurysm
sac for different a and Rep conditions. For a¼ 2, the observed vor-
tex formation and convection showed that the structure tends to
go from the proximal wall to the opening of the aneurysm sac,
and this is followed by the vortex core moving back to the aneu-
rysm dome with a rapid breakdown. On the other hand, at a¼ 5,
the vortex structure convects from the proximal wall to the distal
wall of the aneurysm and rapidly dissipates. Furthermore, low-
order reconstruction results showed the impact of Reynolds
number on the structures in the aneurysm. At low Rep, vortical
structures appeared and disappeared in the pressure cycle. This is
evident for both a¼ 2 and a¼ 5 cases. For high Rep, vortical
structures are present throughout the pressure cycle for both a
cases, and secondary vortices are observed, especially at a¼ 5.

Finally, POD provides an alternative approach to conducting
challenging phase-locked measurements to analyze the temporal
behavior of the energetic flow structures in an aneurysm flow. PIV
systems are commonly used in fluids experiments for studying
aneurysm flows. With the application of POD, flow structures and
temporal behavior can be analyzed in greater detail at any instance
in the flow cycle without requiring extensive hardware synchroniza-
tion. This allows for capturing flow behavior at any given instance,
which would not have been possible with phase-locked measure-
ments. Furthermore, this approach provides an optimal mathemati-
cal description (or modes) for quantification and comparison of
observed complex aneurysm flow behavior in various scenarios.

Nomenclature

aiðtÞ ¼ time-varying coefficient for ith POD mode at time t
am ¼ complex fitting parameter for multimodal Womersley

solution
BF ¼ bottleneck factor

j ¼ imaginary unit (
ffiffiffiffiffiffiffi
�1
p

)
J0 ¼ Bessel function of order zero
M ¼ number of frequencies used for multimodal Womers-

ley solution
PIV ¼ particle image velocimetry

R ¼ spatial velocity correlation matrix
R ¼ pipe radius

Rep ¼ peak Reynolds number
t ¼ time (s)

T ¼ time period (s)
u ¼ streamwise velocity component (m/s)

Uðx; yÞ ¼ velocity vector
v ¼ transverse velocity component (m/s)

x, y ¼ Cartesian coordinates, x- and y-axis
a ¼ Womersley number
ki ¼ energy captured by ith proper orthogonal decomposi-

tion mode
�b ¼ blood kinematic viscosity (m2=s)
�f ¼ working fluid kinematic viscosity (m2=s)
qb ¼ blood density (kg=m3)
qf ¼ working fluid density (kg=m3)

/i
uuðx; yÞ ¼ streamwise component of ith proper orthogonal

decomposition mode
/i

vvðx; yÞ ¼ transverse component of ith proper orthogonal
decomposition mode

Uiðx; yÞ ¼ ith proper orthogonal decomposition mode
xm ¼ frequency used for multimodal Womersley solution
Xxy ¼ domain of interest
�¼ tensor product
h…i ¼ ensemble averaging
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